A computational framework for analyzing and designing efficient flapping flight vehicles is presented. Two computational tools are considered: a Betz Criterion code proposed by Hall et. al., and an accelerated, unsteady, potential flow solver. The parameters considered in this paper are: the flapping frequency, the flapping amplitude in both up-down and forward-aft directions, and the addition of a mid-wing hinge for articulated flapping flight. The flapping kinematics are represented using harmonics.
I. Introduction
This paper investigates flapping flight using several low fidelity, highly efficient, computational tools. From an engineering perspective, understanding wing kinematic parametric dependence can guide design of more effective flight vehicles. From a biological perspective, understanding the importance of parametric dependencies can provide insight into natural flight kinematics as well as the evolutionary process resulting in flight. There have been several presentations of flapping flight parameters. 1, 2, 4, 5, 8, 13 This paper makes use of computational approaches which are well suited to understand the basic parameter dependencies while utilizing moderate computational resources.
Due to the complexity of flapping flight kinematics, Euler and Navier Stokes solvers 6, 7 are not considered practical for parameter dependence investigations, and lower fidelity tools are therefore used here. Extensive use will be made of the large flapping amplitude wake-only-Betz criterion methods presented by Hall et al. [9] [10] [11] The Hall et. al. approach considers a prescribed wake shape, defined by a specified harmonic motion of the generating lifting line. A set of force constraints are then applied to determine the minimum-power vorticity distribution on this wake. A vortex-lattice method is used to relate the wake's velocity field to the vorticity distribution. In the extended method in Hall et al., 11 a viscous profile drag and stall model are included in the optimization. In this work a more general wake geometry description is used, with a mid-span joint and higher-harmonic motion being allowed. As in Hall, 11 a simple quadratic-polar profile drag model is included.
In this paper we also demonstrate the use of an accelerated, unsteady potential flow panel method 12 for analyzing the wakes which result from the Hall et al. approach. This panel method has features which are particularly effective in flapping flight analysis: a rapid solution of a morphing body problem due to the advanced acceleration algorithms, 21, 22, 28 an automatic wake generation procedure using vortex particle wakes, [23] [24] [25] and the ability to model both thin-membrane and thick body representations of the geometry. The flight parameters of interest in the current investigation are motivated by observations of bird flight: the wing flapping frequency, 4, 11 flapping amplitude, 11, 15 forward-aft wing motion, 13, 18 a second flapping harmonic, 13, 18 and a mid-wing joint (articulated flapping). In order to demonstrate the versatility of the computational framework, three experiments are considered. The first experiment involves sweeping through the basic flapping flight parametric design space. The second experiment demonstrates a quasi-Newton optimization to minimize flight power. The third experiment demonstrates the conversion of the problem from a wake only Betz analysis to a 3-D flapping wing geometry.
II. The Geometric and Kinematic Parameters of Interest
The following parameters of symmetric flapping flight are considered in the present investigation. 3. Flapping with a Second Harmonic: Birds and bats demonstrate a non-unity upstroke to downstroke ratio, 18 which is represented here using a second flapping harmonic. There is typically a bias to spending more time during the downstroke portion of flapping than the upstroke.
13, 18
4. Forward-Aft Flapping Kinematics: The path traveled by the wingtip is rarely a simple up-down path. 13, 18 The downstroke typically involves downward-and-forward motions, while the upstroke will in most cases involve upward-and-rearward motions.
Multiply Hinged Wings:
In nature the existence of articulated wings is prevalent. Observing bird flight, the wing is fully extended during the downstroke and will fold during the upstroke. The degree of folding during the upstroke can be significant in certain flight regimes. 13 Similarly, bats will undergo a nearly fully extended wing downstroke, with a wing-folding of some proportion during the upstroke.
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Natural flapping flight is often used as a model for flapping flight; however, it is unclear whether the features of natural flapping flight have evolved primarily to minimize flight power, or whether other survival considerations such as maneuverability or skeletal or muscular limitations have also played a significant role. Understanding these trade offs is a primary goal of the present work.
A. The Wing Geometry Kinematics
The wake geometry is defined as the trace of a two-segment lifting line representing the wing, illustrated in figure 1 .
The segment orientations are defined by the flap angles Φ i and Φ o , and the two sweep angles Ψ i and Ψ o . The time variation of these angles is assumed to be the sum of two harmonics of frequency ω and 2ω, with various appropriate phase angles φ and ψ included.
The position of a point (X, Y, Z) on the lifting line, at arc length position s and time t, is then given as follows. 
The velocity components of the point on the wing relative to the fluid are determined by taking the derivatives of the above expressions with respect to t.
For brevity, the resulting derivative expressions are not given here. The total velocity V of the wing relative to the fluid is needed to obtain the local lift coefficient in terms of the circulation, which is in turn used to define the drag coefficient for the viscous drag model. The location of any point on the wake is specified by its s, t coordinates in the X, Y, Z functions above, where t is the (negative) time in the past when that point was shed. The overall wake shape is therefore specified by the following 19 parameters. Figure 2 shows several wake traces generated for a selection of these parameters. This illustrates the wide variety of flapping motions and corresponding wake shapes which can be defined by this parameterization.
III. A Brief Description of the Simulation Tools
The two approaches which are used in this work are discussed briefly in this section. The details pertaining to the implementation and theory of each of the methods can be found in the respective references.
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A. The Hall et al Method
The Hall et. al. approach 9-11 was implemented in a form similar to that presented in the references. The Hall et al. method determines the circulation distribution on prescribed periodic wake shape which minimizes the total time-average power required to achieve specified average forces. The total power includes the viscous power, which is computed using a quadratic profile drag polar using the lift coefficient determined from the instantaneous circulation.
By augmenting the system using Lagrange multipliers, the total power can be minimized with respect to a set of prescribed inviscid resultant forces. The solution process is described as follows:
1. Prescribe a vortex-lattice wake geometry representation based on the trace of the wing trailing edge. The wing trailing edge trace is determined using the flapping parameters outlined earlier.
2. Prescribe the force constraints for the particular geometry.
Prescribe the viscous model parameters
4. Solve for the circulation and corresponding vorticity distribution which minimizes the power.
The approach of Hall et al. requires only that the wake trace be specified, and hence is a fairly powerful tool for flapping parameter exploration. However, since the flapping wing geometry is only minimally accounted for, it is unclear how effectively the optimum vorticity distribution can be generated by a realizable wing. Given a wing with infinite actuation possibilities, clearly the generation of the optimum wake vorticity distribution is an easy task, however, in most practical situations geometric constraints are present which prevent the production of an optimal wake. As a result, the authors have performed some preliminary coupling of the Hall wake only method with an unsteady potential flow solver to investigate the wing geometry necessary to generate the power optimal wake vorticity distribution.
B. The Panel Method Simulation Methodology
The unsteady panel method used in this work is FastAero. 12 The FastAero approach has the following features which are particularly advantageous to flapping flight analysis:
1. Vortex Particle Representation of the wake: The unsteady motion of the wake is represented using a vortex particle method. [23] [24] [25] [26] Since the vortex particles advect freely with the local velocity, and do not require connectivity data in their representation, they are particularly well suited for the automatic wake generation problem.
Accelerated solution methods:
The use of a precorrected-FFT 28 matrix vector product accelerated GMRES 27 iterative solution technique, the scalar potential flow problem is rapidly solved. In addition, a Fast Multipole Tree 21, 22 acceleration routine is used to accelerate the vortex particle component of the solution method. The combined p-FFT-FMT approach provides the necessary acceleration allowing morphing body problems to be computed rapidly and accurately.
3. Membrane and thick body formulations: FastAero has several boundary integral formulations implemented in the solution framework. Therefore, it is possible to represent the wing as an infinitely-thin prescribed geometry wing, or as a wing with a prescribed thickness profile. The advantage of a thin body representation is that the grid generation for morphing bodies is significantly easier than the thick body mesh generation problem. The thick body formulation is useful for detailed analysis of flapping flight when the airfoil profile is relevant.
Although FastAero has several advantages for flapping flight analysis, the method does not include a viscous correction. Viscous effects can be approximated using the section local velocity, the section bound circulation, and a drag polar for the airfoil under consideration at the Reynolds number desired; however, future plans include the incorporation of a viscous model into the solution framework.
IV. Numerical Experiments
Several numerical experiments are considered in this paper demonstrating the versatility of the computational framework which has been implemented.
A. Numerical Experiment 1
The first numerical experiment considers a parametric design space sweep using an implementation of the Hall et. al. approach. Due to the rapid computation of the minimum power wake vorticity distribution, design space sweeps with a small number of parameters are possible. However, limitations on the number of parameters are strict due to the exponential increase in computational complexity. Practical moderate fidelity design space sweeps are limited to computations with 4-5 variables. The following pseudo code illustrates the parameter sweep process:
for(i_omega = 2.0 : i_omega < 12 : i_omega++) { for(i_amplitude = 5: i_amplitude < 65 : i_amplitude = i_amplitude+5) % Flapping angle here is in degrees { for(i_param1 = min_param1: i_param1 < max_param1 : i_param1 = i_param1 + delta_param1) { for(i_param2 = min_param2: i_param2 < max_param2 : i_param2 = i_param2 + delta_param2) { Mesh the wake geometry: Mesh(i_omega, i_amplitude, i_param1, i_param2) Solve for the current minimum power vorticity Store the coefficient of power and parameters } } } } Results of the design space sweeps are presented based on the minimum power for a given pair of advance ratio and inner-first harmonic up-down flapping angle values. This is considered in order to compare the resulting minimum power coefficient to a simple flapping wing baseline model consisting only of first harmonic up-down flapping motions and a variable advance ratio. Although minimum power flight is desirable, equally important is the sensitivity of that minimum power flight to off-design operation.
Flapping Frequency and Amplitude
In the original work by Hall et. al., they investigate the effect of flapping frequency and amplitude. For comparison, we perform a similar investigation using the following parameter values: there is a low sensitivity of minimum power flight to advance ratio across a large interval of practical values. This low sensitivity is due to the ability to tune the flapping amplitude at a given non-optimal advance ratio such that the overall power is minimized. This tuning of the flapping amplitude enables efficient and effective operation across a wide range of velocities, flapping frequencies and flapping amplitudes. Furthermore, the low sensitivity of the power coefficient to sub-optimal parameter choices in both flapping amplitude and advance ratio provides low off design flight power consumption. In the sections which follow, comparisons of this baseline hinged flapping flight model are made for situations in which additional flapping degrees of freedom are introduced.
Forward-Aft Wing Stroke Behavior
In this example the fore-aft wing flapping are considered, in addition to the up-down motion. The phase between the up-down and fore-aft motion is also considered. The design space sweeps are performed over:
The results are shown in figure 4 . The wake shape corresponding to the minimum power solution in the design space sweep is illustrated in figures 5-6.
Discussion
The design space sweep over an interval of forward-aft flapping angles demonstrates the following:
1. The additional degree of freedom associated with the forward-aft motion results in lower power consumption. However, it should be noted that the gains are small for low thrust situations and may not offset the cost associated with prescribing the motion.
2. The forward-aft motion which minimizes power matches well with the observed behavior in natural flapping flight. Although it is natural for wing-flapping animals to have their wings advance during the downstroke (due to the production of thrust over the wings), it may also serve to reduce their power consumption.
3. At higher thrust to lift ratios, the forward-aft flapping motion becomes more effective in reducing power consumption. The coupled forward-aft, up-down motion of the wings results in a wake whose downstroke trace covers a large area and lies in a plane which is close to perpendicular to the desired resultant force. The forward-aft motion of the wings can therefore make the downstroke more closely resemble a tilted actuator disk. Based on these results, increased forward aft motion of the wings is therefore expected in steep climbing flight, slow flight, and during takeoff. The resultant of the lift and thrust effectively act together to produce motion in these flight regimes.
4. The motion which results in optimal minimum power flight implies forward-downward motion of the wing during the downstroke and upward-rearward motion during the upstroke. The corresponding wake shapes are illustrated in figures 5-6.
5. As the advance ratio tends toward zero, the amplitude of the forward-aft motions are reduced to achieve minimum power consumption. This effect is likely seen in the computations in order to reduce viscous power loss at higher reduced frequencies. In addition, as the up-down flapping amplitude increases, the forward-aft wing motions are attenuated. Again, this is likely a result of curbing the viscous power loss associated with more rapid relative motions.
The Second Harmonic
In this numerical experiment the addition of a second harmonic to the wing kinematics is examined. In this simulation the design space sweep is performed over: 
Discussion
The results of the design space sweep appear to demonstrate a greater positive effect on power reduction than is actually observed. This is due to the method chosen for representing the results. When the flapping amplitude of the first harmonic is low, the second harmonic assumes the role of the dominant flapping amplitude. Therefore, the apparent reduction in power which is illustrated in the figures is not as significant as it appears. This is a pronounced effect in the figures7 and 8 when Φ o,1 < 0.3 radians. The minimum power required for flapping when considering both the first and second harmonics is less than the minimum power of the baseline result. Considering two harmonics enables the downstroke wake to adopt a more effective shape in for producing the flight forces.
Articulation Result Behavior
The final parameter which is considered in the design space sweep experiment is the mid-wing joint (or articulation) of the wing. In this simulation the design space sweep is performed over: 
The results of the Articulation design space sweep are illustrated in figures 11 -12. Figures 13-14 illustrate the wake shapes corresponding to the minimum power coefficient determined during the design space sweep for articulated flapping flight.
Discussion
Considering the results in figure 11 , articulated flapping flight tends to reduce the minimum power while also enlarging the region of minimum power. As a result the minimum power solution is less sensitive to the flapping parameters than the baseline model. Comparing figures 11 and 12 to the baseline example demonstrates the advantage of articulation when the flapping amplitude increases and the advance ratio decreases. This suggests that the viscous power loss is minimized in the articulated flapping flight simulations. In fact, in the current model articulation results in lower relative velocities at the wing tips therefore minimizing the viscous power loss. This viscous power savings effect is more pronounced when large flapping amplitudes are considered.
In nature many birds fold their wings to a certain extent during the upstroke of the wingbeat. One significant reason for an articulated upstroke is the ease in which the outer region of the wing can be unloaded during the upstroke. If birds did not have an articulated wing, significant twist would be required to have a lightly loaded wingtip region during the upstroke motion. The Hall et al. model does not constrain the wing twist required to create the optimal vorticity distribution. Therefore, it is likely that articulation serves the dual purpose of providing a functional morphology resulting in a lightly loaded upstroke motion while also providing a means for overall flight power reduction.
B. Numerical Experiment 2: Optimization of the Flight Power
In the second numerical experiment, a more rigorous approach for minimizing flapping flight power is considered. The flight power coefficient is minimized for specified flight conditions over a restricted set of flapping parameters using a BFGS 19 quasi-Newton method. 20 A 3 × 2 array of flight parameters is examined for the flapping problem. Three different values of c d0 = c d2 = 0.01, 0.03, 0.10 are considered for two separate approximate climb angles (γ approx = 10 o , 30 o ). The goal of this experiment was to determine the optimal set of parameters for a given set of flight conditions.
Setting up the Quasi-Newton Method
The following pseudo code demonstrates the quasi-Newton approach taken in this experiment:
for(i_condition = 0: Number_Of_Flight_Conditions) { Initialize the case: Set the CL, CT, CD_0 and CD_2 Setup the parameters over which optimization is to take place Setup the initial guess for the parameters Start the BFGS routine to find the optimal parameter values for the current flight condition } The gradients used in the BFGS optimization are computed using a finite difference approach, hence, as the number of parameters increases, the cost associated with the gradient evaluations increases. In future implementations an adjoint based approach for sensitivity computations will be considered.
A Note Regarding Solution Optimality
It should be noted that the results presented in this section represent local minimums. Although an effort was made to explore different initial conditions in the design space, the power dependence on flapping parameters in flapping flight has many local minimums. As such, we present the optimal results for the search for minimum power. In addition, the design space over which the optimization is taking place presents a challenge to gradient based approaches due to the low sensitivity of the minimum power to the flapping frequency in large regions of the space.
In this experiment, the design space under consideration has six free parameters over which the optimization process is carried out.
Baseline Simple Hinged Flapping
The simple hinged flapping minimum power results for several different flight conditions are presented in table 1. In this case the advance ratio, and the maximum and minimum up-down flapping angles were set as parameters in the optimization environment.
Parameter 
Forward-Aft Wing Stroke Behavior
The effect of allowing forward-aft flapping motions is investigated. Results are presented in Table 2 .
Discussion
The results of the coefficient of power minimization presented in Table 2 demonstrate the power reduction in climbing (or increased thrust) flapping flight when a forward-aft flapping motion is combined with an up-down flapping motion. This result also tends to confirm the proposition that the downstroke motion is best coupled with forward wing motion and the upstroke motion is best coupled with aft motion of the wing when larger climb angles are prescribed. When less extreme flight conditions are considered, the benefits of forward-aft flapping motions are less apparent in the current analysis. The result from this numerical experiment are more general than those from the design space sweep due to the larger number of design parameters considered. In this example, the maximum and minimum flapping angles are not constrained to be equal, therefore, highly unsymmetrical motions can result. The reduction of power by 7% represents a significant improvement in power consumption; however, this level of power savings is only present when considering more extreme flight conditions (in this case an approximate climb angle of 30 o is prescribed). 
Articulated Wing Stroke Behavior
The effect of allowing articulated wing flapping motions is investigated. Results are presented in Table 3 . 
Discussion
The effects of articulation presented in the above table demonstrate that articulated flapping flight can reduce the flight power over the baseline optimum.
C. Discussion of Experiments 1 and 2
The first two experiments presented demonstrate the Hall et al. method which has been implemented as an exploratory tool for analysis of the basic parameter dependencies in flapping flight. The model provides an extremely powerful tool for preliminary design and analysis of power optimal flapping flight.
The results from the simulations presented demonstrate that the simpler models for flapping flight can capture the essence of the problem using a minimal amount of computational resources. Although it is unlikely that the results from the simulations are quantitatively similar to natural flapping flight, it is likely that the trends and qualitative results can be applied to natural flapping flight. Similar to the Trefftz plane analysis for steady fixed wing aerodynamics, 29 the modified wake-only Betz Criterion approach presented by Hall et. al provides significant insight into efficient flapping flight.
V. Numerical Experiment 3
The last numerical experiment which is performed demonstrates the the process of designing an efficient flapping wing based on the solution of the Hall et. al. approach.
A. Generating a Flapping Wing Geometry From The Wake Solutions
There are several steps involved in translating the wake only representation of the wake into a three dimensional flapping wing model:
1. Construct a reference wing platform which flaps with the correct parameter dependence while shedding the least amount of vorticity possible into the domain. The wing can be designed to have a zero vorticity shedding throughout the wingbeat by instantaneous local modifications of section camber and angle of attack. In this experiment, however, the wing is assumed to have a zero camber and the wing section is aligned with the flow at the leading edge. This assumption will produce a reference wing which has non-zero vorticity, especially in regions near the tip where incidence angles are important; however, as a first order approximation for demonstrating the translation process this is adequate.
2. Compute the downwash at lifting line positions along the wake considering only the vorticity downstream of the lifting line.
3. Compute the local section angle of attack for the entire wing beat at each spanwise section of the wing. This is computed considering the optimal vorticity distribution in the wake from the Hall et. al. simulations.
4. Adjust the reference wing platform for the local downwash effects due to the wake as well as the local sectional angle of attack. The resulting geometry will have significant twist as the wing span is traversed during the flapping motions.
5. Mesh the flapping wing as either a thick body representation (using an airfoil profile) or as a thin membrane. In this paper the thin membrane is considered due to the ease of meshing the geometry (especially near flapping joints).
Example Result
The following section demonstrates the conversion of a wake only simulation result to a FastAero flapping wing geometry which is used in a simulation of flapping flight. In figure 18 (a) the optimum power wake vorticity distribution is presented. In figure 18 (d) the wake trace is presented as a collection of vortex particle elements. The vortex particles demonstrate the features of the wake flow such as wake roll-up in the wingtip regions during the downstroke portion of the flapping. In figure 18 (b) the wake structure is represented using vortex particles. In this figure the vortex particle strength and direction is presented to demonstrate the vorticity structure in the wake.
Discussion The geometry was constructed from the optimal vorticity wake-only solution for the given wake shape. Compared with the wake only simulation result in figure 18(a) , the FastAero simulation (figures 18(d)-18(b)) shows similarities in the main wake features such as large tip vorticity during the downstroke; however, differences exist between the two wakes such as strong tip vorticity in the potential flow model during the upstroke, and some reduction in magnitude of vorticity on the inboard section of the wing during the downstroke. These differences are attributed in part to the approximate zero-lift flapping reference wing used as a foundation for the geometry description.
VI. Conclusions
In this paper, we have presented a computational framework capable of rapidly analyzing parametric dependencies in flapping flight. In the experiments, it was discovered that permitting additional parameters in the flapping kinematics description reduced the power required for flight. The power reduction was dominant in more extreme flight cases such as situations where steep climb angles are encountered. This is not surprising due to the competing objectives of lift and thrust production in these regimes. As a result, flapping motions which adjust the wake shape such that the fluid momentum increases during the downstroke are most effectively used to propel and lift the flapping vehicle. As such, the forward-aft wing motions during flapping flight are seen to be an effective means of adjusting the wake shape to minimize power consumption during steeper climbing flight.
In addition to basic parametric study examples, a presentation of the conversion of the wake only analysis to a potential flow solver is presented. Although the results do not illustrate a perfect match between the vortex wakes, the overall wake structure is preserved in the translation. In future investigations the conversion from a wake only analysis to a panel method representation will be modified for more accurate representation. Finally, with the ability to perform rapid parameter trade-offs using the wake only analysis of Hall et al. and subsequent analysis in the FastAero panel method environment, further studies of parameter dependence will be performed. (c) An illustration of the vortex particle wake trailing a flapping wing, simulated using FastAero.
(d) An illustration of the vorticity in the wake trailing a flapping wing, simulated using FastAero. Figure 18 . A demonstration of the use of a wake only optimal vorticity distribution result to construct an efficient three-dimensional flapping wing geometry for simulation in an unsteady panel method solver.
